The coupling strikes back

Exploring positivity properties of exact observables in ./ = 4 super Yang-Mills
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Positivity properties strongly constrain dynamics of QFTs. Classic examples include:

Kallén-Lehmann representation Optical theorem for

of two-point functions forward scattering amplitude
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Positivity led to a lot of recent progress in amplitudes: Constraints on EFTs, numerical evaluation, positive geometry [A"‘"’;,‘f,':':;‘;i',';(',‘]’a"g'

'Henn, Raman; 2024]
) ) ) Ditsch, Henn, Raman; 2025]
This concerns the kinematical Dixon, von Hippel, McLeod,

Trnka; 2016]
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What about the coupling?
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Warm-up example: Quantum Mechanics

What is the analytic structure of observables as functions of the coupling constant?
Bender, Wu:

Anharmonic Oscillator Ground state energy E(4) analyticon C/(—0,0)

H = %pz +%x2 + Ax? Ey(2) Ey(A) = 215, |1] = o0

[Bender, Wu; 1969]
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Could there be an analogues positivity property in quantum field theory?



Warm-up example: Quantum Mechanics

What is the analytic structure of observables as functions of the coupling constant?

Bender, Wu:
Anh;rmonlc ;)sullator Ground state energy Ey(4) analyticon C/(—00,0) o
H = 5]?2 + 5)62 + /1)64 E()(/l) E()(/l) — /11/39 ‘/” — &0 o

dt 1u(7) Dicke, Simon: ' u(?) = 0

——  Dispersion relation
0o A+t

Ey() = Ey(0) _ r’ ]

[Dicke, Simon; 1970]

These functions are also known as Stieltjes functions

[Ditsch, Henn, Raman; 2025]
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For R > 0 this is equivalent to a set of Hankel matrix constraints:
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Stieltjes Functions in Quantum Field Theory

Goal:  Study analytic properties of exact observables

Problem: Observables are typically only known perturbatively

Planar .//' = 4 super Yang- Mills (sYM) Laboratory for studying the
- coupling dependence of

observables

Techniques like localization and
integrability allow for non-
perturbative computation of certain

observables Throughout: 1 = g&,,N 'tHooft coupling

g% ="

planar Yang-Mills coupling

(47)>
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Exactly Known Observables

Anomalous dimensions

> Governs UV divergence of cusped light-like Wilson loop

CUSp Anomalous Dimension FCUSp [Beisert, Eden, Staudacher; 2007] [Polyakov; 1980]

> Controls large spin limit of twist-two anomalous dimension
[Korchemsky; 1989]

> Controls soft/collinear divergences of amplitudes
[Korchemsky, Radyushkin; 1987]

Correlation functions



Exactly Known Observables

Anomalous dimensions Can be computed at finite coupling thanks to integrability

" dr J(281)J(281)

CUSp Anomalous Dimension FCUSp [Beisert, Eden, Staudacher; 2007] Kij = 2j(— l)ij+1 t =
Jo o

[Benna, Benvenuti, Klebanov, Scardicchio; 2007]

Correlation functions



Exactly Known Observables

Anomalous dimensions Can be computed at finite coupling thanks to integrability

" dr J(2g1)J(2g1)
Jo 1 el — 1

KOO KO.
K = o even indices
K.o K“ e odd indices

[Benna, Benvenuti, Klebanov, Scardicchio; 2007]

CUSp AnOma‘OUS Dimension FCUSp [Beisert, Eden, Staudacher; 2007] Kij = 2j(— l)ij+1

Correlation functions



Exactly Known Observables

Anomalous dimensions Can be computed at finite coupling thanks to integrability

" dr J(281)J(281)
JO t et - 1

K. K 1
K = - ] oevenindices I — 4o?
(K.o K) « odd indices cusp = 76 <1+K>“

[Benna, Benvenuti, Klebanov, Scardicchio; 2007]

CUSp AnOma‘OUS Dimension FCUSp [Beisert, Eden, Staudacher; 2007] Kij = 2j(— l)ij+1

Correlation functions



Exactly Known Observables

Anomalous dimensions Can be computed at finite coupling thanks to integrability

" dr J(281)J(281)
JO t €t - 1

K KOO Koo F 4 9) 1
— o even indices = 4g

K.o K.. e odd indices cusp 1+ K 11
[Benna, Benvenuti, Klebanov, Scardicchio; 2007]

Easily generate the weak- and strong-coupling expansions

CUSp AnOma‘OUS Dimension FCUSp [Beisert, Eden, Staudacher; 2007] Kij = 2j(— l)ij+1

Correlation functions



Exactly Known Observables

Anomalous dimensions

CUSp AnOma‘OUS Dimension FCUSp [Beisert, Eden, Staudacher; 2007]
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Can be computed at finite coupling thanks to integrability
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Anomalous dimensions

CUSp AnOma‘OUS Dimension FCUSp [Beisert, Eden, Staudacher; 2007]

Correlation functions

Can be computed at finite coupling thanks to integrability

" dr J(2g0)J(2g1)
Jo 1 el — 1

KOO KO. 2 1
K — o even indices FCUSp — 4g 11
K,o K,, e 0dd indices 1+ K
[Benna, Benvenuti, Klebanov, Scardicchio; 2007]
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Anomalous dimensions > Controls small angle expansion of angle-dependent cusp
anomalous dimension

CUSp AnOma‘OUS Dimension FCUSp [Beisert, Eden, Staudacher; 2007]

> Related to the circular Wilson loop, which can be computed
Octagon Anomalous dimension FOC’[ [Belitsky, Korchemsky; 2020] using localization rpestun; 2012]

Bremsstra hl ung fU nction B [Correa, Henn, Maldacena, Sever; 2012]
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CUSp AnOma‘OUS Dimension FCUSp [Beisert, Eden, Staudacher; 2007]
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Bremsstrahlung function B

[Correa, Henn, Maldacena, Sever; 2012]

Correlation functions

[Erickson, Semenoff, Zarembo; 2000 ]

Circular Wilson loop W

> Controls small angle expansion of angle-dependent cusp
anomalous dimension

> Related to the circular Wilson loop, which can be computed
using localization rpestun; 2012]

B(A) = A0;logW W) = %11(\/1)
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Circular Wilson loop W

> Controls small angle expansion of angle-dependent cusp
anomalous dimension

> Related to the circular Wilson loop, which can be computed
using localization rpestun; 2012]

B(A) = A0;logW W) = %m\/ﬁ)

Can be computed for finite NV!
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Anomalous dimensions

CUSp AnOma‘OUS Dimension FCUSp [Beisert, Eden, Staudacher; 2007]

Octagon Anomalous dimension I 'yt igelitsky, korchemsky; 20201
Bremsstra hl ung fU nction B [Correa, Henn, Maldacena, Sever; 2012]

Tilted CUSp Anomalous Dimension Fa [Basso,Dixon, Papathanasiou; 2020]

Correlation functions

CI F'Cu ‘a r Wi ‘SO N ‘OOp W [Erickson, Semenoff, Zarembo; 2000 ]

» ["_is a one-parameter generalization of

» I'(a=0)=I_. 1 (a=7n/4) =

oct '’

I’

cusp ’

o € [0,7/2]

cusp /

F(O{ — 72'/3) — Fhex

> Appears in ,origin” limits of 6 Gluon MHV amplitudes

> Other values of aappear for higher point amplitudes

> Finite coupling result similarto T’

cusp
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> All observables admit representation as Fredholm

determinant of integrable Bessel kernel
[Bajnok, Boldis, Korchemsky; 2024]

> Perturbative expansions at weak and strong
coupling are easy!

Let ©(A) be one of the observables

Anomalous dimensions

CUSp AnOma‘OUS Dimension FCUSp [Beisert, Eden, Staudacher; 2007]

OCtagOn Anomalous dimension FOCt [Belitsky, Korchemsky; 2020]

Bremsstra hl ung fU nction B [Correa, Henn, Maldacena, Sever; 2012]
| - Weak coupling: O(A) = a;A — a,A* + a;A° — ...

Tilted Cusp Anomalous Dimension I (8asso,bixon, Papathanasiou; 2020] S
a finite radius of convergence R

Strong coupling: O(A) ~ b\/z for A — o0

Correlation functions
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Numeric evidence for Stieltjes property

00 1/R
Recall: ©(4) is StieltjeswithR > 0 < 6(4) = 2 (=11 A"a witha, = J dtt"'v(®), uv@)>0
n=1 0
< qa satisty Hankel matrix constraints
Hankel matrix constraints:
Hy = W1 yisjeM },-L;]ZSM)/ZJ HY >0 H' >0
| S L v N
EH(Z)Vl_H{VZO EHI —H2 ZO, VN > 0

[Bellazzini, Mir6, Rattazzi, Riembau, Riva; 2020]



Numeric evidence for Stieltjes property

Recall: ©(2) is Stieltjes with R > 0 < a,, satisty Hankel matrix constraints



Numeric evidence for Stieltjes property

Recall: ©(2) is Stieltjes with R > 0 < a,, satisty Hankel matrix constraints

Numerical procedure: Exact observables > Compute large numberofa,'s > Check Hankel matrix constraints



Numeric evidence for Stieltjes property

Recall: ©(2) is Stieltjes with R > 0 < a,, satisty Hankel matrix constraints

Numerical procedure: Exact observables > Compute large numberofa,'s > Check Hankel matrix constraints

Results:



Numeric evidence for Stieltjes property

Recall: ©(2) is Stieltjes with R > 0 < a,, satisty Hankel matrix constraints

Numerical procedure: Exact observables > Compute large number of a,'s > Check Hankel matrix constraints

Results:

Cusp anomalous dimension

Constraints verified
up to 100 loops



Numeric evidence for Stieltjes property

Recall: ©(2) is Stieltjes with R > 0 < a,, satisty Hankel matrix constraints

Numerical procedure: Exact observables > Compute large number of a,'s > Check Hankel matrix constraints

Results:

Cusp anomalous dimension

Constraints verified
up to 100 loops

—100
61100 s 10

Constraints sensitive up to

~160
ayoo £ 10



Numeric evidence for Stieltjes property

Recall: ©(2) is Stieltjes with R > 0 < a,, satisty Hankel matrix constraints

Numerical procedure: Exact observables > Compute large number of a,'s > Check Hankel matrix constraints
Results:
Cusp anomalous dimension Hexagon anomalous dimension I'(a = 7/3)
Constraints verified Constraints verified
up to 100 loops up to 100 loops
ayp ~ 1071

Constraints sensitive up to

~160
ayoo £ 10



Numeric evidence for Stieltjes property

Recall: ©(2) is Stieltjes with R > 0 < a,, satisty Hankel matrix constraints

Numerical procedure: Exact observables > Compute large number of a,'s > Check Hankel matrix constraints
Results:
Cusp anomalous dimension Hexagon anomalous dimension I'(a = 7/3) Tilted cusp anomalous dimension
Constraints verified Constraints verified Constraints verifiec
up to 100 loops up to 100 loops up to 20 loops for all
a € [0,7/2]
a0 ~ 10—100
Constraints sensitive up to
a0 = 107160
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Observables which do not satisfy the Stieltjes property

1. Konishi anomalous dimension A, F = tr ¢'¢p’
> Not known exactly, but can be computed to high orders in perturbation theory

A = asymptotic Bethe ansatz + wrapping corrections NB: In the BMN limit all

anomalous dimensions are
Stieltjes functions.

» Ris not known. First two Hankel matrix constraints can be checked:

With wrapping: H/ % 0 Without wrapping: H,* > 0

2. Octagon correlation function log O(u, v)

> In the null limit, log O reduces to the octagon anomalous dimension, which is Stieltjes

> Away from this limit, Hankel constraints seem to be violated (work in progress)
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Two Consequences of Stieltjes: Gusp Anomalous Dimension

1. Padé approximants 2. Moment Problem Bootstrap

Given ay, ay, ..., a,y.; We can construct Padé approximants

PN(2) < 6(2) < PN(2)

Positivity = constraints on higher coefficients

Example: Cusp anomalous dimension at 11 loops

Positivity = perturbative data gives non-perturbative bounds!

Allowed region

Example: Cusp anomalous dimension at 11 loops 3.21008 X 10715 < a;, < 3.21021 x 1071

2.88697 x 1071 < g, < 2.8877 x 1071°

261879 x 107" < a,, < 2.62108 x 10717

2.39276 x 1071% < a5 < 2.39816 x 10~1°

10
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O(A) = L dt — v(t) ——

weak coupling expansion |41]| < R
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R—l

A
O1) = J dt v(it) —— What about strong coupling?
0 1+

— Y1 0<Red<1
27l SIn 7j

Mellin-Barnes representation

L+tA )5,
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Strong Coupling Expansion from Dispersion Relation

d rm . R - | 40)
-— A dt Y~ u(t) Mellin-transform
2w s Y,

R! 0+100

A
ON) = L dt — U(t) = L

—100

Analytically continuetoj € C
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R~ O0+100 . —1 (3
A di = R U(Jj)
OA) = J dt U(t) = j 4 Y j—1 L pall
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R~ o+ico g —1 (1
A " d T R v(J)
O) = J at ut) = J 4 ﬂjJ dt ¥t Melli
) 1+ 1) . 2mising ) (7) Mellin-transform
P i i A
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N
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Strong Coupling Expansion from Dispersion Relation
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Speculative: From weak to strong coupling

Idea: Let's try to do this analytic
continuation using Padé approximants

— Take (n,a,) forn = 1,2,..., N and construct multi-point Padé approximant

Can never be captured by
rational function!

Is there a better way to do this analytic continuation?
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> What class of observables are Stieltjes and why?

> Given the perturbative part of the strong coupling expansion, how can we check if
it comes from a positive spectral measure /(7)? Is there a unique one?

~ How can we make the analytical continuation of 2/( j) better?

~ What is the connection between Stieltjes functions and conformal Padé
approximants?
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Thank you for your attention!



