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The coupling strikes back
Exploring positivity properties of exact observables in  super Yang-Mills𝒩 = 4
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Could there be an analogues positivity property in quantum field theory?
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Warm-up example: Quantum Mechanics

H =
1
2

p2 +
1
2

x2 + λx4 E0(λ)

Dispersion relation    
E0(λ) − E0(0)

λ
= ∫

∞

0
dt

1
λ + t

μ(t)

Anharmonic Oscillator
Ground state energy

Bender, Wu:

 analytic on  E0(λ) ℂ/(−∞,0)
E0(λ) → λ1/3, |λ | → ∞

Dicke, Simon: μ(t) ≥ 0

2

[Bender, Wu; 1969]
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What is the analytic structure of observables as functions of the coupling constant?

These functions are also known as Stieltjes functions
[Ditsch, Henn, Raman; 2025]
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Stieltjes Functions in Quantum Field Theory

Problem: Observables are typically only known perturbatively 

Planar  super Yang- Mills (sYM)𝒩 = 4

Techniques like localization and 
integrability allow for non-
perturbative computation of certain 
observables

Laboratory for studying the 
coupling dependence of 

observables

Goal:         Study analytic properties of exact observables 

Throughout:     ’t Hooft couplingλ = g2
YMN

      planar Yang-Mills couplingg2 = λ
(4π)2
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Exactly Known Observables
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Anomalous dimensions

Correlation functions

Cusp Anomalous Dimension      

Octagon Anomalous dimension  

Bremsstrahlung function     

Tilted Cusp Anomalous Dimension   

Γcusp

Γoct

B

Γα

Circular Wilson loop  

Octagon form factor 

W

𝕆(y, ξ)

[Beisert, Eden, Staudacher; 2007]

[Correa, Henn, Maldacena, Sever; 2012]

[Basso,Dixon, Papathanasiou; 2020]

[Kostov, Petkova, Serban; 2019]

[Erickson, Semenoff, Zarembo; 2000 ]

[Belitsky, Korchemsky; 2020]
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‣ Governs UV divergence of cusped light-like Wilson loop 

‣ Controls large spin limit of twist-two anomalous dimension 

‣ Controls soft/collinear divergences of amplitudes

[Polyakov; 1980]

[Korchemsky; 1989]

[Korchemsky, Radyushkin; 1987]
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24)Δ/2

‣ Expectation value of 1/2-BPS operators with  

‣ Yields  in null expansion

Δ → ∞
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∞

∑
n=1

(−1)n+1λnan an = ∫
1/R

0
dt tn−1ν(t), ν(t) ≥ 0

  satisfy Hankel matrix constraints⟺ an

Hankel matrix constraints:

[Bellazzini, Miró, Rattazzi, Riembau, Riva; 2020]

HN
0 ⪰ 0 HN

1 ⪰ 0HN
M = {a1+i+j+M}⌊(N−M)/2⌋

i,j=0

1
R

HN−1
0 − HN

1 ⪰ 0
1
R

HN−1
1 − HN

2 ⪰ 0, ∀N > 0
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Observables which do not satisfy the Stieltjes property
1. Konishi anomalous dimension 𝒦 = tr ϕiϕi

‣ Not known exactly, but can be computed to high orders in perturbation theory 

‣  is not known. First two Hankel matrix constraints can be checked:R

ΔK

asymptotic Bethe ansatz + wrapping correctionsΔK =

With wrapping: H7
1 ⪰̸ 0 Without wrapping: H14

1 ⪰̸ 0

NB: In the BMN limit, all 
anomalous dimensions are 
Stieltjes functions.   

2. Octagon correlation function log 𝕆(u, v)

‣ In the null limit,  reduces to the octagon anomalous dimension, which is Stieltjes 

‣ Away from this limit, Hankel constraints seem to be violated (work in progress) 

log 𝕆
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𝒪(λ) = ∫
R−1
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Integrand has no other poles. There are no 
more perturbative contributions

Non-perturbative corrections from saddles
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Problem: Padé is doomed to fail!

Strong coupling expansion is asymptotic

⟺

  ̂ν( j) ∼ Γ(−j), Re j → − ∞

Is there a better way to do this analytic continuation?
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Thank you for your attention!


